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Dzyaloshinskii-Moriya (DM) interaction has been proven to excite entanglement of spin systems,
enhancing the capability of realizing various quantum tasks such as teleportation. In this work,
we consider the DM interaction -to the best of our knowledge, for the first time in quantum game
theory. We study the winning probability of magic square game played with the thermal entangled
state of spin models under external magnetic fields and DM interaction. We analytically show that
although DM interaction excites the entanglement of the system as expected, it surprizingly reduces
the winning probability of the game, acting like temperature or magnetic fields, and also show
that the effects of DM interaction and inhomogeneous magnetic field on the winning probability
are identical. In addition, we show that XXZ model is considerably more robust than XX model
against destructive effects. Our results can open new insights for quantum information processing
with spin systems.
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I. INTRODUCTION
Game theory has recently attracted an intense atten-
tion in quantum information science due to its impor-
tance in constructing scenarios where quantum mechani-
cal resources, communication and operations outperform
their classical counterparts. Meyer showed that a quan-
tum player (i.e. a player who can implement a quan-
tum strategy utilizing quantum superposition) can beat
a classical player with certainty in a coin tossing game
[1] and introducing quantization to the famous Prisoners’
Dilemma game, Eisert et al. showed that the presence
of entanglement gives rise to superior performance [2].
Following these pioneering works, a huge effort has been
devoted to bring the role of non-classical resources out
in outperforming the classical resources in game theory
via considering various games [3–17]. Such an interesting
game is the so-called magic square game (MSG), which
we detail in the next section. MSG is played by two play-
ers against a referee and utilizing a pre-shared quantum
system of 4 qubits in a specific pure entangled state, play-
ers can win the game with unit probability, while play-
ers equipped only with classical resources can achieve a
winning probability at most 8/9 [18, 19]. In practical ap-
plications, however, due to inevitable interactions of the
state with the environment [20–22], or even accelerating
players [23], the entanglement of the state may decrease
considerably, leading to the decrease of the winning prob-
ability even far below the classical limit. On the other
hand, Pawela et al. have recently showed that in spite
of decoherence, the winning probability can be enhanced
if each party performs local operations (determined by
semi-definite programming) to their qubits [24]. There is
also an increasing interest on playing games with Heisen-
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berg spin chains [25] and thermal entanglement [26].
In spin systems, the presence of anisotropic antisym-
metric exchange between neighboring magnetic spins -the
so called Dzyaloshinskii-Moriya interaction [27–29] plays
an important role in the entanglement dynamics. Zhang
showed that Dzyaloshinskii-Moriya (DM)interaction ex-
cites the entanglement of a two qubit Heisenberg chain,
and therefore it enhances the capability of realizing quan-
tum tasks requiring entanglement such as teleportation
[30]. Following this work, DM interaction has been stud-
ied intensely from the perspective of entanglement dy-
namics of various spin systems, showing that the presence
of DM interaction overwhelms the destructive effects of
temperature and magnetic fields by exciting the entan-
glement, i.e. increasing the amount of entanglement mea-
sures such as negativity and concurrence [31–38]. Very
recently, the role of DM interaction in quantum metrol-
ogy has also been studied, showing that DM interaction
enhances the precision of parameter estimation [39–41].
To the best of our knowledge, however, DM interaction
has not been considered in game theory.
In this paper, considering a thermalized spin system
with DM interaction under homogeneous and inhomo-
geneous external magnetic fields, we study the influence
of DM interaction and magnetic fields on the winning
probability of the magic square game. We show that
although DM interaction excites the amount of entan-
glement of the system, surprizingly it does not increase
but decreases the winning probability. We also report
that although resulting in different density matrices and
entanglement values, inhomogeneous magnetic field and
DM interaction of the same strength yield the same win-
ning probabilites. This paper is organized as follows. In
Section II, we briefly introduce the magic square game.
In Section III, we present our model to play the game
and in Section IV we present our results and discussions.
Finally we conclude in Section V.
2FIG. 1: (Color online). Probability of winning the magic
square game, Pw with respect to external homogeneous mag-
netic field, B at various temperatures from T = 0.01 to T = 1,
in the units of Boltzmann constant k. Inset is focused on the
region around B = 1 for a more clear observation on the
sudden change point. Pw = 8/9 is the classical limit, there-
fore for low temperatures, quantum resources outperform the
classical resources even under external magnetic field B ≤ 1.
II. MAGIC SQUARE GAME
The game is played on a 3 by 3 matrix of binary entries
by Alice and Bob against a referee, who gives the number
of the row to Alice and the number of the column to Bob.
In order to win the game, the sum of the entries of the
row given by Alice must be even, the sum the entries of
the column given Bob must be odd and the intersection
bit must agree. Before starting the game, Alice and Bob
can agree on any strategy and can share any physical
resources but once the game starts, that is they are spa-
tially separated and the referee gives them the numbers
of the row and the column, they cannot communicate or
share new resources. Having shared classical resources,
the highest winning probability via the best strategy they
can achieve is 8/9. However, sharing quantum mechan-
ical resources, in particular a specific entangled state of
four qubits, they can achieve a unit winning probability.
The four-qubit state to share, first and second by Alice,
and third and fourth by Bob is
|Ψ〉 = 1
2
(|0011〉+ |1100〉 − |0110〉 − |1001〉). (1)
When the game starts and referee gives the number of
the row, m to Alice and the number of the column, n to
Bob, each of them applies one of the unitary operators
Am and Bn below to the two qubits they possess
A1 =
1√
2


i 0 0 1
0 −i 1 0
0 i 1 0
1 0 0 i

 , A2 = 12


i 1 1 i
−i 1 −1 i
i 1 −1 −i
−i 1 1 −i

 ,
A3 =
1
2


−1 −1 −1 1
1 1 −1 1
1 −1 1 1
1 −1 −1 −1

 , and
FIG. 2: (Color online). Probability of winning the magic
square game, Pw with respect to Dzyaloshinskii-Moriya (DM)
interaction, D at various temperatures from T = 0.01 to
T = 1, in the units of Boltzmann constant k. DM inter-
action counterintuitively does not increase but decreases the
performance of the quantum task. However, since Pw = 8/9 is
the classical limit, for low temperatures, quantum resources
outperform the classical resources even with a DM interac-
tion of strength D ≤ 0.75. Since the effects of D and external
magnetic field, b on Pw are identical, the same plot applies to
b as well.
B1 =
1
2


i −i 1 1
−1 −i 1 −1
1 1 −i i
−i i 1 1

 , B2 = 12


−1 i 1 i
1 i 1 −i
1 −i 1 i
−1 −i 1 −i

 ,
B3 =
1√
2


1 0 0 1
−1 0 0 1
0 1 1 0
0 1 −1 0

 ,
m and n running from 1 to 3. After applying the cor-
responding operations, each determines the two bits and
the third bits are found according to the parity condi-
tions. Note that the four-qubit state |Ψ〉 is actually the
product state of two Bell pairs i.e. 12 [(|01〉−|10〉)⊗(|01〉−|10〉)], such that the first and third qubits belong to Alice,
and the second and fourth qubits belong to Bob.
For a given arbitrary system described by the den-
sity matrix σ, the winning probabilities of each row
m and column n can be calculated as Pm,n(σ) =
tr(σfΣm,n|φm,n〉〈φm,n|), where σf = (Am ⊗Bn)σ(A†m ⊗
B†n), φm,n are the states implying success, and the win-
ning probability of the given system can be obtained
by averaging the winning probabilities over rows and
columns, i.e. Pw(σ) =
1
9Σm,nPm,n [20].
III. MODEL
To construct our model, we consider two antiferromag-
netic XXZ spin chains of two qubits each, in particular
with the coupling constants Jx = Jy = 1 and Jz ≥ 0
where the spin model reduces to XX model for Jz = 0.
The Hamiltonian we consider ofour model is 12 [σ
1
xσ
2
x +
σ1yσ
2
y+Jzσ
1
zσ
2
z+
−→
D ·(−→σ i×−→σ i+1)+(B+b)σ1z+(B−b)σ2z ],
where B and b are the strengths of the homogeneous and
3FIG. 3: (Color online). Entanglement of the thermal entan-
gled state of our system in terms of logarithmic negativity,
with respect to Dzyaloshinskii-Moriya (DM) interaction D
and external inhomogeneous magnetic field b at various tem-
peratures. Although the amount of entanglement highly de-
pends on the temperature for no or low D or b, it becomes
independent on the temperature as D or b increases.
inhomogeneous magnetic fields, respectively and D is the
strength of the DM interaction which we will choose in z
direction for simplicity, resulting in the Hamiltonian
H =
1
2
[σ1xσ
2
x + σ
1
yσ
2
y + Jzσ
1
zσ
2
z
+D(σ1xσ
2
y − σ1yσ2x) + (B + b)σ1z + (B − b)σ2z ]. (2)
The effective Hamiltonian of four spins is then de-
scribed as
Heff = H ⊗ I4 + I4 ⊗H, (3)
where I4 is the 4 by 4 identity matrix. The normalized
density matrix of thermal entangled system described
by Heff in the thermal equilibrium can be found as
ρeff = e
−βHeff /tr(e−βHeff ), where tr() is the trace
function, and β = 1/kT with k the Boltzmann constant
that we take k = 1 for simplicity, and T is the tempera-
ture. Note that the second and the third qubits of the
thermal entangled system are swapped to obtain the
target system for MSG, i.e. ρeff → SWAP2,3(ρeff ). In
other words, denoting the system led by H as ρ, the tar-
get system can be obtained as ρeff = SWAP2,3(ρ ⊗ ρ).
The non-zero elements of ρ are found as
ρ11 = γ
−1[cosh( B
kT
)− sinh( B
kT
)],
ρ22 = γ[cosh(
ν
kT
)− b
ν
sinh( ν
kT
)],
ρ23 = −γ 1+iDν sinh( νkT ),
ρ32 = −γ 1−iDν sinh( νkT ),
ρ33 = γ[cosh(
ν
kT
) + b
ν
sinh( ν
kT
)],
ρ44 = γ
−1[cosh( B
kT
) + sinh( B
kT
)],
where γ = Exp( Jz2kT ), ν =
√
1 + b2 +D2 and the trace
function yields 2[γ−1 cosh( µ
kT
) + γ cosh( ν
kT
)]. It is easy
to see that for D = B = b = 0 and T approaches to zero,
H leads to 1√
2
(|01〉− |10〉), and Heff leads to 12 (|0011〉+
FIG. 4: (Color online). Probability of winning the magic
square game, Pw with respect to temperature T (blue),
Dzyaloshinskii-Moriya (DM) interaction D (black) and exter-
nal homogeneous magnetic field B (red) with Jz = 0 (solid),
Jz = 0 (dashed) and Jz = 0 (dotted), in the units of Boltz-
mann constant k. Although Pw is not affected by Jz for low
temperature and zero B, it is easy to check that for high
temperature or non-zero B, larger Jz makes Pw more robust
against D as well.
|1100〉− |0110〉− |1001〉), i.e. the success state (after the
swap operation). Now we are ready to analyze the effects
of thermalization, DM interaction and magnetic fields,
as well as the coupling constant in z direction, on the
success probability of MSG. Note that we take k = 1 and
make the calculations and plot the figures in the units of
Boltzmann constant k, throughout the paper.
IV. RESULTS AND DISCUSSIONS
Following the method explained in Section II, we
analytically calculate the winning probability Pw for
ρeff . For simplicity, we first choose XX model, i.e.
Jz = 0. In order to analyze the effect of homogeneous
magnetic field B and temperature T on Pw, we consider
no D and b, and find
Pw(ρD=b=0) =
1
[cosh( 1T )+cosh(
B
T )]
4
{0.0694 cosh(4B
T
)
+ cosh(3B
T
)[0.5 cosh( 1
T
)− 0.0555 sinh( 1
T
)]
+ cosh(2B
T
)[−0.0555 sinh( 2
T
) + 0.7777 cosh( 2
T
) + 0.9444]
+ cosh(B
T
)[−0.1111 sinh( 1
T
) + 0.0555 sinh( 3
T
)
+ 2.8888 cosh( 1
T
) + 0.6111 cosh( 3
T
)] + 0.0277 sinh( 4
T
)
+ 1.0555 cosh( 2
T
) + 0.0972 cosh( 4
T
) + 1.05556}.
As shown in Fig. 1, we find that as temperature de-
creases, Pw becomes more robust against increasing ho-
mogeneous magnetic field B, and at the same time it
exhibits a sudden change at B = 1. For a more clear ob-
servation of this sudden change, we focus on the region
around B = 1 in the inset of the Figure. Note that the
this critical point shifts to B = 1.5 and to B = 2 for
Jz = 0.5 and for Jz = 1, respectively, as shown in Fig. 4
(red curves).
For a fixedB, althoughD and b lead to different Hamil-
tonians, density matrices and entanglement values, they
yield the same winning probability of the game, i.e.
4Pw(ρB=0) =
sech2( ν
2T )
ν3/2[cosh( νT )+1]
2
[−0.0833ν2 sinh( ν
T
)
+ 0.0277ν2sinh(3ν
T
) + (0.0694ν2 + 0.0278)ν cosh(3ν
T
)
+ (0.9305ν2 − 0.0278)ν cosh( ν
T
)
+ (0.3611ν2 + 0.0555)ν cosh(2ν
T
)
+ (0.6388ν2 − 0.055)ν],
since ν =
√
1 + b2 +D2. Therefore for a fixed mate-
rial, i.e. a fixed strength of DM interaction, the de-
sired effect due to DM interaction can be achieved by
applying an external inhomogeneous magnetic field of the
same strength, or vice versa, to realize a task with a de-
sired strength of external inhomogeneous magnetic field,
it may be possible to choose a material with the same
strength of DM interaction. We plot the dependence of
Pw on D (or the same, b) for various temperatures in Fig.
2. Here, although DM interaction excites the entangle-
ment of the system, it decreases the overall success of the
task, in contrast to the usual cases that DM interaction
both excites the amount of the entanglement of the sys-
tem and the performance of the task [30]. The physical
explanation of this result is that the performance of real-
izing a quantum task depends not only on the amount of
the entanglement but also on the type of it. In Ref.[30]
and the following works on the influences of DM inter-
action, usually systems of two particles were studied and
solely the amount of entanglement is sufficient to deter-
mine the performance of quantum teleportation or violat-
ing Bell’s inequality, for instance, leaving room to over-
look controversial cases such as the one presented herein.
However, when a system of four particles is considered
with a more complex procedure, some of the specific ele-
ments of the density matrix of the system become more
significant in determining the performance. That is why
an increase in the amount of entanglement of the system
alone does not imply an increase in performance of the
task.
In order to clarify that D and b affects the entangle-
ment of the system oppositely, we plot the logarithmic
negativity [42] of the system with respect to D and b
in Fig. 3. At each temperature value, D increases but
b decreases the entanglement of the system and as the
strength of D or b increases, dependence of Pw on T de-
creases.
Finally, we analyze the effect of Jz on the winning
probability, for three instances, Jz = 0, Jz = 0.5 and
Jz = 1 with respect to T , D and B, setting other effects
to zero for simplicity. We find that for larger Jz , Pw be-
comes considerably more robust against B, more robust
against T but it is the same against D, as shown in Fig.
4. However, it is straightforward to see that in the case
non zero B or T , larger Jz makes Pw more robust against
D as well.
V. CONLUSION
In conclusion, we have studied the influence of DM
interaction in a quantum game for the first time, to
the best of our knowledge. We constructed a model of
four spins including external homogeneous and inhomo-
geneous magnetic fields and DM interaction, to serve as
the quantum resource to play the magic square game.
Analytically obtaining Pw, the probability of winning the
game with the thermal entangled state of the spin sys-
tem, we show how it decreases with respect to increasing
temperature and external magnetic fields. Exciting the
entanglement of the systems, although DM interaction
excites the performance of realizing tasks in general, here
we showed that DM interaction decreases the probability
of winning the game. We also showed that the effects
of DM interaction and inhomogeneous magnetic fields on
the winning probability are identical. In addition, we
showed that XXZ model is more robust than XX model
in playing magic square game. We believe that our work
can be useful in quantum information processing with
spin systems.
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